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Abstract 

We prove that every place of an algebraic function field F\K of arbitrary character- 
istic admits local uniformization in a finite extension T of F. We show that F\F 
can be chosen to be normal. If K is perfect and P is of rank 1, then alternatively, 
T can be obtained from F by at most two Galois extensions; if in addition P is 
zero-dimensional, then we only need one Galois extension. Certain rational places 
of rank 1 can be uniformized already on F. We introduce the notion of "relative 
uniformization" for arbitrary finitely generated extensions of valued fields. Our 
proofs are based solely on valuation theoretical theorems, which are of fundamental 
importance in positive characteristic. 

1 Introduction 

In [Zl], Zariski proved the Local Uniformization Theorem for places of algebraic function 
fields over base fields of characteristic 0. In [Z3], he uses this theorem to prove resolu- 
tion of singularities for surfaces in characteristic 0. As the resolution of singularities for 
arbitrary dimensions in positive characteristic is still an open problem, one is interested 
in generalizations of the Local Uniformization Theorem to positive characteristic (cf. [S]). 
In this paper, we will prove a weak version of the Local Uniformization Theorem, for 
function fields of arbitrary characteristic: 

Theorem 1.1 Let F\K be a function field of arbitrary characteristic, and P a place of 
F\K. Then there exist a finite normal extension T of F , an extension of P from F to T , 
a finite purely inseparable extension K, of K within T and a model of ' T\K, on which P is 
centered in a smooth point. 

Throughout this paper, "function field" will always mean "algebraic function field". By 
a place of F\K we mean a place whose restriction to K is the identity. Talking of an 
extension T of F, we will from now on tacitly assume that it is equipped with an extension 
of P (which is again denoted by P). 

Theorem |1.1| follows from the results of J. de Jong [dJ] (who proves resolution of 
singularities after a finite normal extension of the function field). However, we will give an 
entirely valuation theoretical proof which will provide important additional information. 
In particular, we wish to get as close as possible to taking JF|F Galois. Why do we 
want that T\F is Galois? Apart from geometrical reasons, it is because the work of 



i 



S. Abhyankar seems to indicate that there is a chance to "pull down" local uniformization 
through Galois extensions. This would give us what we actually want: local uniformization 
without extending the function field. 

On the other hand, for certain applications of Theorem (e.g., to the model theory 
of fields in the spirit of [J-R]; cf. also [K3]), it is important to have a valuation theoretical 
control on the extension F\F and the residue field extension J-'PlFP. (We want to have 
JFP to be as close to FP as possible, but in positive characteristic we may expect that 
we have to take a purely inseparable extension into the bargain.) We cannot obtain this 
control if we insist that T\F be Galois. Instead, we will show in a subsequent paper 
[K6] that in case of a perfect base field K, the extension T\F can always be chosen to 
be separable and such that TP\FP is purely inseparable. See also [K7] for background 
information. 



In order to prove Theorem we will give a description of the special form in which 
the Jacobian condition for smoothness can be satisfied. For polynomials fi, ■ ■ ■ , f n in 
variables X\, . . . , X n , we write / = (fx, ... , f n ) and denote by Jf the Jacobian matrix 
(Jx~) °f ^eir partial derivatives. Take a finitely generated extension T\K, not neces- 
sarily transcendental, and a place P of J 7 , not necessarily the identity on /C. We write 
Ojr for the valuation ring of P on T, and for that of P on /C. For an element a, its 
P-residue will be denoted by aP. We will say that (JF|/C,P) is weakly uniformizable 
if there are 

• a transcendence basis T — • • • , t s } C Op of JF|/C (which may be empty), 

• elements rji, . . . , rj n G Of , 

• polynomials fi(X u . . . , X n ) G 0/c[*i, • • • , t s , X h . . . , X n ], 1 < i < n, 
such that T = JC(ti, . . . , t s , t)i, . . . , rj n ), and 

(Ul) for i < j, Xj does not occur in fi , 
(U2) / i (7 7l ,...,77 n ) = Oforl<z<n, 
(U3) (det J f ( Vl ,...,r 1n ))P^0. 

In this case, we will call T a uniformizing transcendence basis. 

Assertion (Ul) implies that Jf is lower triangular. Assertion (U3) says that 

det JfpimP, • • • , VnP) = (det J f (rj u . . . , r] n ))P ^ , (1) 

where fP = (f\P, . . . , f n P) and / f P denotes the P-reduction of fi , i.e., the polyno- 
mial obtained from f\ through replacing every coefficient by its P-residue. Note that 
det Jf(rji, . . . , rjn) e 0? since ti, . . . , t s , rjx, . . . , r] n G and the fi have coefficients in 

o K . 

Given elements £i> . . . , Cm £ we w ih sa Y that (JF|/C, P) is uniformizable with 
respect to £i, . . . , ( m if the elements rji, . . . ,rj n can be chosen such that Ci> •••> Cm appear 
among them. We say that (J-"\1C, P) is uniformizable if it is uniformizable with respect 
to every choice of finitely many elements in Op . This property is transitive: 

Theorem 1.2 If (J Z \C, P) and (£\JC,P) are uniformizable, then (JF|/C,P) is uniformiz- 
able. 

Note the following well-known fact: if all conditions except (Ul) for weak uniformizability 
hold for gi in the place of fi , then there are fi which satisfy all conditions (for the same 
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T and 77's) . We only have included condition (Ul) since it is a nice natural side-effect of 
our approach which uses the transitivity. 

Now assume that T\K, is a function field (i.e., trdegjF|/C > 1) and that P is the identity 
on K. Then 0^ = /C, and the P-residues of the coefficients are obtained by just replacing 
tj by tjP, for 1 < j < n. Hence if we view the polynomials fi as polynomials in the 
variables Z\, . . . , Z s , X\, . . . , X n with coefficients in /C, then ([1]) means that at the point 
(t\P, . . . , t s P, rjiP, . . . , r] n P) the diagonal elements of Jf and thus also its determinant do 
not vanish. This assertion says that on the variety defined over K, by the fi (and having 
generic point (ti, . . . , t s , 771, . . . , i] n ) and function field JF), the place P is centered at the 
smooth point (tiP, . . . , t s P, 771 P, . . . , r] n P). 

This discussion shows that Theorem |1.1| is a consequence of the following two theorems: 

Theorem 1.3 Let F\K be a function field of arbitrary characteristic and P a place of 
F\K . Take any elements (i,...,(m in the valuation ring Of of P on F. Then there 
exist a finite extension T of F , an extension of P to T , and a finite purely inseparable 
extension K, of K within T such that (J^|/C, P) is uniformizable with respect to (1, . . . , ( m . 

(Here, "F./C" denotes the field compositum of /C and F inside of J 7 , i.e., the smallest 
subfield of T containing K, and F.) Note that K, = K if K is perfect. 

Theorem 1.4 Take any subextension E\K of F\K of the same transcendence degree. 
Then in addition to the assertion of Theorem T can always be chosen to be a normal 
extension of E and of F. 

By uniformizing with respect to the £'s, we obtain the following important information: 
if we have already a model V of F\K with generic point (zi,...,Zk), where Z\, . . . , Zk € 
Op , then we can choose our new model V of T\YZ in such a way that the local ring of the 
center of P on V contains the local ring of the center (z\P, . . . , z^P) of P on V. For this, 
we only have to let z%, ... , Zk appear among the £'s. 

In important special cases, we can show much stronger results. Before we state them, 
let us introduce some useful notions. Let P be an arbitrary place on a field F. We will 
call (F, P) a valued field, keeping in mind its associated valuation, which we denote by 
v P . Its value group is denoted by v P F, and its residue field by FP. When we write 
(F\K, P) then we mean an extension of valued fields, that is, P is a place on L, and K is 
endowed with its restriction (which we will also denote by P). This restriction need not 
be the identity. 

If F j K is a function field and P is a place of F\K, then K C FP. By the dimension of 
P we mean the transcendence degree trdeg-FPl-fT. Hence, P is called zero-dimensional 
if FP\K is algebraic. We will say that (F, P) has rank 1 if v P F is archimedean ordered, 
that is, embeddable in the ordered additive group of the reals. For the general definition 
of the rank, see Section |2.2| . 

Theorem 1.5 Assume that (F, P) has rank 1, and take a subextension E\K of F\K such 
that F\E is separable-algebraic. Suppose that P is zero-dimensional. Then in addition to 
the assertion of Theorem T can be chosen such that T\E.KL and T\F.K are Galois 
extensions. 



(Here, "F.JC" denotes the field compositum of JC and F inside of F, i.e., the smallest 
subfield of F containing JC and F.) 

For rank 1 places of non-zero dimension, we can still prove: 

Theorem 1.6 Assume that (F,P) has rank 1. Then in addition to the assertion of 
Theorem F can be obtained from F.JC by at most two Galois extensions. 

Next, we will discuss some important special cases, in particular those where we can 
uniformize without extending the function field. For every place P of F\K, we have the 
following inequality (we will introduce a more general inequality @ later): 

trdegF\K > trdegFP\K + dim Q Q <g> v P F . (2) 

This is a special case of the Abhyankar inequality. Note that dimQ Q®v P F is the rational 
rank of the value group v P F, i.e., the maximal number of rationally independent elements 
in v P F. We call P an Abhyankar place if equality holds in (|2|). An arbitrary place P 
of a function field F\K is called rational if FP = K. 

Theorem 1.7 Assume that P is an Abhyankar place of F\K and that (F,P) has rank 1. 
Then F can always be obtained from F.JC by a single Galois extension, and the following 
additional assertions hold: 

a) If FP\K is separable, then we can choose JC = K. 

b) If P is zero- dimensional, then there is a finite Galois extension JC'\JC such that we can 
set F = F.JC' , that is, F can be obtained from F by a normal constant extension. 

c) If P is rational, then we can choose F = F and JC = K. 

Let us note that if FP can be embedded over K in a trivially valued subfield of F, then 
we may replace K by the image of FP. In this way, this more general case is subsumed 
under the case of rational places. For example, if FP\K is a rational function field, then 
FP can always be embedded in such a way. On the other hand, if FP\K is separable, 
then FP can always be embedded in the henselization of (F,P): choose a separating 
transcendence basis, embed the rational function field generated by it in a trivially valued 
subfield of F, and extend the embedding by Hensel's Lemma. As an algebraic extension 
of a trivially valued field is again trivially valued, the same will hold for the image of FP 
in F. Hence if FP\K is a function field, then we only have to take a finite extension of 
F within its henselization in order to reduce to the case of rational places. 

There is yet another interesting particular case. At first sight, it seems to be completely 



opposed to the case of Abhyankar places; but see Theorem 1.12 below and the subsequent 



remark. A valued field (F, P) is called discretely valued and P is called discrete if 

v P F ~ Z. 

Theorem 1.8 Assume that P is a rational discrete place of F\K . Then we can choose 
F = F and JC = K . 



The assertions of this theorem and of part c) of Theorem [L7| can also be formulated 
as follows: 

Corollary 1.9 On a function field F\K , all rational rank 1 Abhyankar places and all 
rational discrete places are uniformizable. 
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In [K3], we show that the zero- dimensional rank 1 Abhyankar places, as well as the 
zero-dimensional discrete places, lie dense in the Zariski space of all places of F\K, with 
respect to a "Zariski patch topology". This topology is finer than the Zariski topology 
(but still compact); its basic open sets are the sets of the form 

{P | P a place of F\K such that a x P ^ 0, . . . , a k P ^ ; b x P = 0, . . . , b e P = 0} 

with ai, . . . , a k , h, . . . , bt G F \ {0}. 

If K is algebraically closed, then every zero- dimensional place of F\K is rational. So 
Theorem |1.7| shows (and the first assertion also follows from Theorem |1.8[ ): 

Corollary 1.10 // K is algebraically closed, then the uniformizable places of F\K lie 
dense in the Zariski space of F\K, with respect to the Zariski patch topology. If K is 
perfect, then the same holds for the places of F\K which are uniformizable with respect to 
given elements of F after a finite Galois constant extension of F. 

Now we turn to places of arbitrary rank. 

Theorem 1.11 Assume that P is an Abhyankar place of rank r > 1 of the function field 
F\K . Then we can obtain T from F.K, by a sequence of at most r — 1 Galois extensions 
if P is zerodimensional, or at most r Galois extensions otherwise. 

In [K6] we will show that (F\K,P) is always weakly uniformizable if P is an Ab- 
hyankar place of F\K for which FP\K is separable. But we do not obtain that they are 
uniformizable in general. 

For non-Abhyankar places of arbitrary rank, we are not able to prove that one can 
obtain T by Galois extensions. The obstruction is, roughly speaking, that we work with 
extensions in henselizations, but that taking normal hulls of such extensions may lead to 
inseparable residue field extensions. But we will show in [K6] that T can be taken such 
that it differs from a Galois extension of F.K, only by an extension in the henselization. 

The construction of places given in [K3] yields Abhyankar places or, if so desired, 
non-Abhyankar places which are still "very close to" Abhyankar places: they lie in the 
completion of a subfield on which their restriction is an Abhyankar place. Therefore, it is 
important to know that also such places are uniformizable. By "completion" we mean the 
completion with respect to the uniformity induced by the valuation. Note that (F', P) 
lies in the completion of (F, P) if it is an extension of (F, P) satisfying that for every 
a G F' and a G v P F' there is some b G F such that v P (a — b) > a. 

Theorem 1.12 If (F\K,P) satisfies the assumptions of Theorem or Theorem \1.1% 
then the assertions of these theorems carry over to every function field (F'\K, P) for which 
(F',P) lies in the completion of(F,P). 



Remark 1.13 Theorem O follows directly from this theorem together with part c) of 
Theorem |1.7| . Indeed, if P is a rational discrete place of F\K and we choose x G F such 
that v P x is the smallest positive element in v P F, then (the restriction of) P is a rational 
Abhyankar palce of K(x)\K and F lies in the completion of (K(x), P). 



In characteristic 0, Theorem |1.3| is obviously weaker than Zariski's original result. On 
the other hand, our proof will yield an interesting additional assertion. In general, it seems 
impossible to obtain it without taking into the bargain a finite extension of the function 
field (see the example given in [K5], [K6]). Let us consider a place P of the function field 
E\K. We set p = diniQ Q £g> v P E and r = trdeg-EPl A. We take elements xi, . . . , x p G E 
such that VpX\, . . . ,v P x p are rationally independent elements in v P E. Further, we take 
elements yi, . . . , y T G E such that yiP, . . . , y T P are algebraically independent over K. 
Then x±, . . . , x p , yx, . . . , y T are algebraically independent over K (cf. Theorem pT6| ) and 
therefore, p + r < trdegF|A. Every subfield K(xi, . . . , x p , y±, . . . , y T ) of E obtained in 
this way will be called an Abhyankar field of (E\K, P). Note that if P is a place 
of a function field F\K and E\K is a subextension such that F\E is algebraic, then an 
Abhyankar field of (E\K, P) will also be an Abhyankar field of (F\K, P). 



Theorem 1.14 Assume the situation as given in Theorems and \1.J\ . Suppose in 
addition that {E,P) has rank 1, and take any Abhyankar field Eq of (E\K,P). Then 



in addition to the assertion of Theorem T75 and Theorem \1.J\ , t\, . . . ,t p+T can be chosen 
algebraic over E Q . 

We do not know whether this theorem can be proved for arbitray rank if one insists in 
taking normal or Galois extensions. See [K5] and [K6] for other versions. 

To describe a necessary condition for T to be equal to F, we need some further 
definitions. For an arbitrary valued field (F, P) and a given extension of P from F to its 
separable-algebraic closure F sep , the absolute inertia field is defined to be the inertia 
field of the normal extension (F sep \F, P). The decomposition field of (F sep \F, P) is the 
henselization of (F, P) in (F sep ,P); we will denote it by (F h ,P). A valued function 
field (F\K, P) will be called inertially generated if it admits a transcendence basis T 
such that {F,P) lies in the absolute inertia field of (K(T),P) (for some extension of P 
from K(T) to K(T) sep ). If it admits a transcendence basis T such that (F, P) lies in the 
henselization of (K(T),P), then we call it henselian generated. 

Theorem 1.15 Assume that (^|/C, P) is weakly uniformizable (where P is not necessarily 
the identity on K). Then (^|A^, P) is inertially generated. In particular, T\K, is separable. 
If in addition TP = K,, then P) is even henselian generated. 

OPEN PROBLEM: Is every inertially generated valued function field weakly uni- 
formizable? 



We will deduce Theorems |1.3| through |1.14| from two main theorems which we proved 
in [Kl] (cf. also [K2]). 

The first theorem is a generalization of the "Grauert-Remmert Stability Theorem". 
To state it, we introduce a fundamental notion. Every finite extension {L\K, P) of valued 
fields satisfies the fundamental inequality (cf. [EN], [R], [Z-S] or [K2]): 



n > 



g 

i=i 



(3) 



where n = [L : K] is the degree of the extension, Pi, . . . ,P g are the distinct extensions of P 
from K to L, e^ = (vp^ : v P K) are the respective ramification indices and fj = \LP{ : -fTP] 
are the respective inertia degrees. Note that g = 1 if (K, P) is henselian. 

A valued field (K, P) is called defectless (or stable) if equality holds in (|3|) for every 
finite extension L\K. If char KP = 0, then (K,P) is defectless (this is a consequence of 
the "Lemma of Ostrowski" , cf. [EN], [R], [K2]). 

Now let (L\K,P) be any extension of valued fields (we do not require that P be the 
identity on K). Assume that L\K has finite transcendence degree. Then (by Corollary |2.7| 
below): 

tideg L\K > trdeg LP\KP + dim<Q Q <g> (v P L/v P K) . (4) 

Note that (|2|) is the special version of @ for the case of a valued function field with 
trivially valued base field. We will say that (L\K, P) is without transcendence defect 
if equality holds in (f|). Now we are able to state the Stability Theorem, which deals 
with an arbitrary valued function field (F\K,P) (where P need not be the identity on 
K). 

Theorem 1.16 Let (F\K,P) be a valued function field without transcendence defect. If 
(K, P) is a defectless field, then also (F, P) is a defectless field. 

The second theorem is a structure theorem for immediate function fields. An extension 
(L\K, P) is called immediate if the canonical embedding of v P K in v P L and the canonical 
embedding of KP in LP are surjective (we then write v P K = v P L and KP = LP). In 
this paper, we will only need a special case of the theorem. We will state and employ the 
full theorem in [K6]. 

Theorem 1.17 Let K be a separable- algebraically closed field and {F\K, P) an immediate 
function field of transcendence degree 1. If F\K is separable, then 

there is x <E F such that (F h ,P) = (K(x) h ,P) , (5) 

that is, (F\K,P) is henselian generated. 

For valued fields of residue characteristic 0, the assertion is a direct consequence of the 
fact that every such field is defectless (in fact, every x G F \ K will then do the job). 
In contrast to this, the case of positive residue characteristic requires a much deeper 
structure theory of immediate algebraic extensions of henselian fields, in order to find 
suitable elements x. 

In Chapter |2|, we introduce some further valuation theoretical tools, including a part 
of Kaplansky's theory of immediate extensions, which will also play a crucial role in our 
proofs. In Chapter |3|, we give a criterion for valued function fields to be inertially gen- 
erated, and prove Theorem |1.15| . In Chapter we prove Theorem |1.2| . This transitivity 



result allows us to build up our function fields by various sorts of algebraic and transcen- 
dental extensions which all can be shown separately (in Chapter |5|) to be uniformizable. 
Finally, in Chapters |7] and ^| we put everything together to prove our main theorems. 



I would like to thank Peter Roquette, Mark Spivakovsky, Bernard Teissier and Frans 
Oort for support and inspiring conversations, and the staff of the Fields Institute for their 
hospitality. Very special thanks to Hans Schoutens for many pleasant and encouraging 
discussions. 



7 



2 Valuation theoretical preliminaries 



For basic facts from valuation theory, see [EN], [R], [W], [Z-S], [K2]. 

We will denote the algebraic closure of a field K by K. Whenever we have a place P 
on K, we will automatically fix an extension of P to the algebraic closure K of K. It does 
not play a role which extension we choose, except if P is also given on an extension field 
L of K; in this case, we choose the extension to K to be the restriction of the extension 
to L. We say that P is trivial on K if it is an isomorphism of K, which is equivalent to 
v P K = {0}. If P is given on some extension field L of K and is trivial on K, then there 
is some place P' of L which is equivalent to P (i.e., they have the same valuation ring on 
L) and whose restriction to K is the identity. 

A valued field is henselian if it satisfies Hensel's Lemma; see [R], [W], [K2]. Originally, 
Hensel's Lemma was proved for complete discretely valued fields. But it also holds for 
complete valued fields of rank 1; i.e., such fields are henselian (cf. [W], Theorem 32.11, or 
[K2]). The henselization (K h ,P) of a valued field (K,P) (in (K scp ,P)) is the minimal 
henselian extension of (K,P), in the following sense: if (L,P') is a henselian extension 
field of (K,P), then there is a unique embedding of (K h ,P) in (L,P'). This is the 
universal property of the henselization. We note that every algebraic extension of 
a henselian field is again henselian. In particular, since the absolute inertia field of an 
arbitrary valued field contains its henselization, it is henselian. 

The following lemma is proved in [K2] (and partially also in [EN]): 

Lemma 2.1 A valued field (K,P) is defectless if and only if its henselization (K h ,P) is. 

Corollary 2.2 If (K, P) is defectless, then (K h , P) does not admit proper immediate 
algebraic extensions. 

Proof: If (K, P) is defectless, then so is {K h , P), by the foregoing lemma. Suppose that 
(L\K h ,P) is a finite immediate algebraic extension. Hence, (v P L : v P K h ) = 1 = [LP : 
K h P\. Since (K h ,P) is a henselian field, there is a unique extension of v P from K h to 
L. Since (K h ,P) is defectless, we have that \L : K h ] = (v P L : v P K h )[LP : K h P] = 1, 
showing that L = K h . As every proper immediate extension would contain a proper 
finite immediate extension, it follows that (K h , P) does not admit any proper immediate 
algebraic extension. □ 

We also note (see [K2] for the easy proof): 

Lemma 2.3 If K is an arbitrary field and P is a place on K sep , then v P K sep is the 
divisible hull of v P K, and (KP) sep C K sep P. If in addition P is non-trivial on K, then 
K scp P is the algebraic closure of KP. 

Lemma 2.4 Let P be a place of F\K and suppose that E is a subfield of F on which P is 
trivial. Let (F\P) denote the absolute inertia field of (F,P). Then E scp C F l . Further, 
if FP\EP is algebraic, then (F.E sep )P is the separable- algebraic closure of FP. 
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Proof: By assumption, P induces an embedding of E in FP. Further, we know 
by ramification theory ([EN], [K2]) that F l P is separable-algebraically closed. Thus, 
(EP) scp C F l P. Using Hensel's Lemma, one shows that the inverse of the isomor- 
phism P\e can be extended from EP to an embedding of (EP) sep in F l . Its image is 
separable-algebraically closed and contains E. Hence, E sep C F % . Further, (F.E sep )P 
contains E sep P, which by Lemma 2^3 contains (EP) sep . As F.E sep \F is algebraic, so is 
(F.E sep )P\FP. Therefore, if FP\EP is algebraic, then (F.E sep )P is algebraic over (EP) sep 
and hence separable-algebraically closed. Since (F.E sep )P C F % P = (FP) sep , it follows 
that (F.E sep )P = (FP) sep . □ 



Lemma 2.5 Take any extension L\K of valued fields and assume that P is a place of L 
which is trivial on K. If LP\K is separable, then also L\K is separable. 

Proof: If LP\K is separable and P' is equivalent to P, then also LP'\K is separable; 
thus, we can assume that the restriction of P to K is the identity. Take a finite purely 
inseparable extension K'\K; we have to show that it is linearly disjoint from L\K. As P 
is the identity on K and K'\K is purely inseparable, P is also the identity on K'. Hence, 
K' C (L.K')P. It follows that 

[K' : K] > [L.K' : L] > [(L.K')P : LP] > [LP.K' : LP] = [K' : K] , 

where the last equality holds since LP\K is separable by assumption. Hence, equality 
must hold everywhere, showing that [K' : K] = [L.K' : L], i.e., K'\K is linearly disjoint 
from L\K. □ 



A generalization of this lemma to the case of P not being trivial on K is stated in [Kl]. 



2.1 Valuation independence 

For the easy proof of the following theorem, see [B], Chapter VI, §10.3, Theorem 1, or 
[K2]. 

Theorem 2.6 Let (L\K,P) be an extension of valued fields. Take elements Xi,yj G L, 
i G / , j G J , such that the values v P Xi , i G I , are rationally independent over v P K , and 
the residues yjP, j G J, are algebraically independent over KP. Then the elements Xi, yj, 
i G / , j G J, are algebraically independent over K. 
Moreover, if we write 

f = E c * IK M IT v?" e K[x hVj \ieI,jeJ) 

k iei jeJ 

in such a way that for every k ^ i there is some i s.t. /z^j ^ fin or some j s.t. u^j ^ ve.j , 
then 

v P f = mm v P c k Y[xi ka J[ y] k ' 3 = mm\v P c k + ^ HkflpxA . 
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That is, the value of the polynomial f is equal to the least of the values of its monomials. 
In particular, this implies: 

v P K(xi, yj | % G I,j G J) = v P K © (J) ZvpXi 

K( Xi , yj \ieI,j e.J)P = KP{ yj P\jeJ). 

It also implies that the valuation v P on K(xi,yj \i G I,j G J) is uniquely determined by 
its restriction to K , the values v P Xi and the residues yjP. 

Corollary 2.7 Let (L\K,P) be an extension of valued fields of finite transcendence de- 
gree. Then (^) holds. If in addition L\K is a function field, and if equality holds in (W, 
i.e., (L\K,P) is a valued function field without transcendence defect, then the extensions 
VpL\v P K and LP\KP are finitely generated. In particular, if P is trivial on K, then v P L 
is a product of finitely many copies of Z ; and LP is again a function field over K . 

Proof: Choose elements x\, . . . ,x p , y%, . . . , y T G L such that the values v P x\, . . . , v P x p 
are rationally independent over v P K and the residues y±P, . . . , y T P are algebraically in- 
dependent over KP. Then by the foregoing lemma, p + r < trdeg L|iC This proves that 
trdeg LP | KP and the rational rank of v P L/v P K are finite. Therefore, we may choose 
the elements Xi,yj such that r = trdeg LP\KP and p = dirnqQ <S> (v P L/v P K) to obtain 
inequality (|]). 

Assume that this is an equality. This means that for L := K(x±, . . . , x p , y%, . . . , y T ), 
the extension L\L is algebraic. Since L\K is finitely generated, it follows that L\L is 
finite. By the fundamental inequality, this yields that v P L\v P L and LP\L P are finite 
extensions. Since already v p Lq\v p K and LqP\KP are finitely generated by the foregoing 
theorem, it follows that also v P L\v P K and LP\KP are finitely generated. □ 

Lemma 2.8 Take a function field F\K and a place P of F\K . If P = QQ, then 

diniQ Q <g> v P F = dim Q Q ® v Q F + dini;; Q ® VqFQ . 
Further, P is an Abhyankar place if and only if Q and Q are. 

Proof: The first assertion is well-known. The second assertion follows from the first, 
keeping in mind that FP = (FQ)Q. We leave the straightforward proofs to the reader. 

□ 



2.2 The rank 

The rank of an ordered abelian group T is the order type of the chain of its proper 
convex subgroups. By a theorem of Holder, T is embeddable in the ordered additive group 
of the reals if and only if its rank is 1, that is, the only proper convex subgroup is {0}. 
This in turn holds if and only if T is archimedean ordered, i.e., for every two positive 
elements a, (3 G V there is some n G N such that not > (3. 

i n 



The rank of a valued field (F, P) is defined to be the rank of its value group v P F. If 
this is finite, say n, then P is the composition of n places: P = P1P2 ■ ■ ■ P n , where all Pi 
have value groups of rank 1 (cf. [Z-S], [K2]). 

If Ti is a subgroup of T, then its divisible hull Q <S> I\ lies in the convex hull of 
T\ in Q (gi T. Hence if T\ is a proper convex subgroup of T, then Q ® Ti is a proper 
convex subgroup of Q ® T and thus, diniQQ <g> I\ < diniQQ <g> T. It follows that if 
{0} = T 9 I\ 9 • • • 9 r„ = r is a chain of convex subgroups of T, then diniQ Q <g> T > n. 
In view of (0), this proves that the rank of a place P of a function field F\K cannot exceed 
trdeg.Fl.fr and thus is finite. 

If (F'\F, P) is an algebraic extension of valued fields, then v P F'/v P F is a torsion group 
and F'P\FP is algebraic (this is a consequence of Theorem 2.6). In particular, the rank 
of vpF' is equal to that of vpF. Hence, passing to an algebraic extension does not change 
the rank of a valued field. As the rank of an ordered abelian group does not increase by 
passing to a subgroup, the rank of a valued field does not increase by passing to a subfield. 



2.3 Kaplansky approximation 

The material of this section is based on work by Ostrowski and Kaplansky [KA] (cf. also 
[K2]). The proof of the first lemma is an easy exercise. 

Lemma 2.9 The extension (L\K,P) is immediate if and only if for every z G L, the set 
{v P (z — a) I a G K} has no maximal element. 



Lemma 2.10 Let (K(z)\K, P) be an immediate transcendental extension. Assume that 
(K,P) is a separable-algebraically closed field or that (K(z),P) lies in the completion of 
(K,P). Take any polynomial f G Then the value v P f(a) is fixed for all a G K 

sufficiently close to z. That is, 

V/ G K[X] 3a G v P K 3/3 G {v P (z - b) \ b G K}\/a G K : 

(6) 

v P {z — a) > (3 =^ v P f{a) = a . 

Kaplansky proves that if (^|) does not hold, then there is a proper immediate algebraic 
extension of (K,P). If (K(z),P) does not lie in the completion of (K,P), then this can 
be transformed into a proper immediate separable-algebraic extension ([Kl], [K2]; the 
proof uses a variant of the Theorem on the Continuity of Roots) . But such an extension 
cannot exist if we assume that K be separable-algebraically closed. If on the other hand 
(K(z),P) lies in the completion of (K,P), then one can show that if / does not satisfy 
(H), then Vpf(z) = 00. But this means that f(z) = 0, contradicting the assumption that 
K(z)\K is transcendental. 

For a polynomial / in one variable over a field of arbitrary characteristic, we denote 
by /W its i-th formal derivative (cf. [KA], [K2]). These polynomials are defined such that 
the following Taylor expansion holds in arbitrary characteristic: 

deg/ 

f(z) = f(a)+J2f [ Ha)(z-aY. 
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Lemma 2.11 Assume that holds, and take any polynomial f G K[z]. Then there 
are a,b G K such that for z := G K[z], we have that v P z = and the values of the 
non-zero among the elements f^\a)b l G K are all distinct. With such a and b, 

dcg / deg / 

v P f(z) = v P £ f [ H*Kz - 4 = v P £ f^ap? = min v P f^(a)V . (7) 

i=0 i=0 % 

If finitely many polynomials in K[z] are given, then a, b can be chosen such that holds 
simultaneously for all of them. 



Proof: Take finitely many polynomials fi, ■ ■ ■, f n G K[z\. From Lemma [2.10| we know 



that for all a G K close enough to z, the values v P n (a) of the non-zero among the 

polynomials fj, i,j G N, are fixed. Since by Lemma ^]9| the set {v P (z — a) \ a G K} has 
no maximal element, we can then take a so close to z that for every fixed j, the values of 
all non-zero elements f^\a)(z — a) 1 , i G N, are distinct. Having picked such an element 
a G K, we choose an element b G K such that v P b = v P (z — a). Then ([?]) holds by the 
ultrametric triangle law. □ 



2.4 Transcendence bases of separable valued function fields 

We will denote the algebraic closure of K by K. We assume that K is a field and that P 
is a place on the rational function field K{z) and infer the following two lemmata from 
[KH-K]: 

Lemma 2.12 The following assertions are equivalent: 

a) (K(z)\K,v P ) is immediate, 

b) v P K(z) /v P K is a torsion group and K(z)P\KP is algebraic, 

c) {v P (z — c) I c G K} has no maximal element. 



Lemma 2.13 Assume that {v P (z — c) \ c G K} has a maximal element and that cq G K 
is an element of minimal degree over K such that v P {z — Co) is such a maximal element. 
Take f to be the minimal polynomial of Co over K. 

1) If v P K(z)/v P K is not a torsion group, then v P f(z) is not a torsion element modulo 
v P K. 

2) If K(z)P\KP is transcendental, then there is some e G N and some d G K such that 
(df(z) e )P is transcendental over KP. 

From these we deduce: 

Lemma 2.14 Assume that (K(z)\K,v P ) is not immediate. Then there is some h G K[X] 
such that v P h(z) is non-torsion over v P K or that h{z)P is transcendental over KP, and 
such that K(z)\K(h(z)) is separable. 



Proof: If v P z is not torsion modulo v P K or zP is transcendental over KP, then we set 
h{X) := X. 

Otherwise, we set g(X) := f(X) if case 1) of the foregoing lemma holds, and g(X) : = 
df(X) e if case 2) holds (by Theorem |2.6| , only one of the two cases can hold at a time). If 
the polynomial g{X) — g(z) is separable over K(g(z)), then we set h(X) := g(X). Oth- 
erwise, we proceed as follows. Set n := degg; this must be divisible by the characteristic 
p of K. In case 1), v P z is torsion modulo v P K by assumption, and it follows that for 
h(X) := Xg(X), the value v P h(z) = v p z + v P g{z) is still not torsion modulo v P K. As 
deg h(X) = n + 1 is not divisible by p, we find that h(X) — h(z) is separable over K(h(z)). 
In case 2), v P z is torsion modulo v P K by (f|), and it follows that there is some b G K 
such that v P bz > 0. Then for h(X) := g'(X) + bX we have that h(z)P = g(z)P, and that 
h(X) — is separable over K(h(z)). □ 

Now we are able to prove: 

Lemma 2.15 Let (F\K, P) be any valued function field (where P is not necessarily trivial 
on K). Assume that F\K is separable. Then there is a separating transcendence basis 
of F\K containing elements xi, . . . , x p , yx, . . . , y T such that v P X\, . . . , x p v P is a maximal 
set of elements in v P F rationally independent modulo v P K , and yiP, . . . , y T P form a 
transcendence basis of FP\KP. 

Proof: Since F\K is separable, we can choose a separating transcendence basis z\, . . . ,z n 
of F\K. We set K := K and Ki := K(zi, . . . , Zi). We proceed by induction on i. 
If the extension (Ki_i(zi)\Ki_i, v P ) is not immediate, then we choose hi(zi) according 
to the assertion of the foregoing lemma. Otherwise, we set hi(X) := X. Since every 
extension is separable, we obtain a separating transcendence basis 

hi(z{), . . . , h n (z n ) of F\K. 

We set p := dim Q Q (g) {y P F/v P K) and r := tideg FP\KP. As 

n— 1 n— 1 

P = X] dim QQ® {vpKi+i/v P Ki) and r = ^ trdeg K i+1 P\KiP , 

i=0 i=0 

and in view of the fact that 

dim Q Q® {v P K i+1 /v P Ki) + tideg K l+1 P\KiP < trdegK i+1 \Ki = 1, 

we find that for precisely p many values of i, v P hi(zi) will be rationally independent 
modulo v P Ki_i . Collecting all of these hi(zi) and calling them xi, . . . , x p we thus obtain 
that maximal set of elements in v P F rationally independent modulo 

v P K. Similarly, we find that for precisely r many values of i, the residues hi(zi)P will be 
transcendental over K^\P . Collecting all of these hi(zi) and calling them y\, . . . ,y r we 
thus obtain that yiP, . . . , y T P form a transcendence basis of FP\KP. □ 



Remark 2.16 We do not know whether in addition to the assertion of the lemma, the yi 
can be chosen such that y%P, . . . , y T P form a separating transcendence basis of FP\KP. 
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3 Inertially and henselian generated function fields 



Theorem 3.1 Assume that F\K is a function field and P an Abhyankar place of F\K 
such that FP\K is a separable extension. Then (F\K,P) is inertially generated. If in 
addition FP = K or FP\K is a rational function field, then (F\K, P) is henselian gen- 
erated. If v P F = ZfpXi © ... © 1aV p x p and y\P, . . . , y T P is a separating transcendence 
basis of FP\K , then T = {x%, . . . , x p , yx, . . . , y T } is a generating transcendence basis, that 
is, (F, P) lies in the absolute inertia field of (K(T), P), and if FP = K(yxP, . . . , y T P), 
then F C K{T) h . 



Proof: By Corollary |2.7| , value group and residue field of (F, P) are finitely gener- 
ated. We choose X\, . . . , x p G F such that v P F = 7hv P X\ © ... © Zv P x p . Since FP\K is a 
finitely generated separable extension, it is separably generated. Therefore, we can choose 
yi, . . . ,y T G F such that FP\K(yxP, . . . ,y T P) is separable-algebraic (r = trdegFP\K). 
Now we can choose some a G FP such that FP = K(yiP, . . . , y T P, a). Since a is 
separable-algebraic over K(yiP, . . . ,y T P), by Hensel's Lemma there exists an element 
t] in the henselization of (F, P) such that rjP = a and that the reduction of the minimal 
polynomial of rj over F := K{x\, . . . , x p , y%, . . . , y T ) is the minimal polynomial of a over 
KP(yiP, . . . , y T P). Then r] lies in the absolute inertia field of F . Now the field F (rj) has 
the same value group and residue field as F, and it is contained in the henselization F h 
of F . As henselizations are immediate extensions and the henselization Fo(rj) h of Fq(t]) 
can be chosen inside of F h , we obtain an immediate algebraic extension (F h \Fo(rj) h , P). 
On the other hand, we observe that (K, P) is a defectless field since P is trivial on K. 
By construction, (F Q \K,P) is without transcendence defect, and the same is true for 
(F (i])\K, P) since this property is preserved by algebraic extensions. Hence we know 
from Theorem |1.16| that (Fo(r]),P) is a defectless field. Now Corollary ^72] shows that 



the extension F h \Fo(i]) h must be trivial. Therefore, F is contained in Fo(r]) h , which in 
turn is a subfield of the absolute inertia field of F . This shows that (F\K, P) is inertially 
generated. 

If FP = K, then we do not need the elements yj and a. If FP\K is a rational function 
field, then we can choose yx, . . . ,y T G F such that FP = K(yxP, . . . , y T P), and we do not 
need a. In both cases, we find that F h = Fq, which yields that (F\K,P) is henselian 
generated. □ 



• Proof of Theorem p..!5| 

Assume that (J r \)C,P) is weakly uniformizable (where P is not necessarily trivial on JC). 
Denote by (L, P) the absolute inertia field of (JC(tx, . . . ,t s ),P). 

First, det J fp(rjxP, ... ,rj n P) ^ and the fact that the foP are polynomials over 
K{tx, • • • , t s )P imply that rjxP, . . . , r\ n P are separable algebraic over K,(t\, . . . , t s )P (cf. 
[L], Chapter X, §7, Proposition 8). On the other hand, LP is the separable-algebraic clo- 
sure of KL{tx, • • • , t s )P. Therefore, there are elements rf x , . . . , v( n in L such that rj^P = r/iP. 
Since (L, P) is henselian, the multidimensional Hensel's Lemma (cf. [K2], [K7]) now shows 
the existence of a common root (77", . . . , 77") G L n of the /j such that rj'/P = rj^P = ^P. 
But by the uniqueness assertion of the multidimensional Hensel's Lemma (which also 
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holds in the algebraic closure L of fC(ti, . . . , t s )), we find that (rj", . . . , 77") = (rji, . . . , T] n ). 
Hence, the rji are elements of L, which proves that (J-\K.,P) is inertially generated. 

If we have in addition that P is a rational place, then rji P, . . . , rj n P G /C. In this case, 
we can choose r}[, . . . , rj' n and rj'{, . . . , rfc already in the henselization of (/C(ti, . . . , t s ), P), 
which implies that also rji, . . . , rj n lie in this henselization. □ 



4 Basic properties of relative uniformization 

Recall the definition for "(JF|/C,P) is uniformizable" given preceding to Theorem O. If 



P is not trivial on /C, one may think of this as "relative uniformization". For the case 
of P a place of F\K, relative uniformization will help us to prove Theorem |1.3| , as we 
will build up T by a tower of uniformizable finitely generated extensions of valued fields, 
starting from /C. In the sections below, we will consider the different types of extensions 
involved in the build-up. Beforehand, we need some easy observations. First, we observe 
going-up and going-down of uniformizability through constant extensions of the function 
field. 

Lemma 4.1 Let (L\K,P) be an extension of valued fields and F\K a function field such 
that F C L. Take d, . . . , ( m E O f . 

a) Suppose that (F\K, P) is uniformizable with respect to Ci, . . . , ( m . Take an arbitrary 
subextension L'\K of L\K such that trdeg F.L'\L' = tideg F\K . Then with the same 
ti, rji, fi as for (F\K, P), also (F.L'\L f , P) is uniformizable with respect to Ci, . . . , ( m . 

b) Suppose that L'\K is a subextension of L\K such that (F.L'\L' , P) is uniformizable 
with respect to £i, . . . , £ m . Then there is a finitely generated subextension L \K of L'\K 
such that with the same ti,r)i,fi as for (F.L'\L' , P) , also (F.L \L , P) is uniformizable 
with respect to (i, . . . , ( m . 

c) Suppose that (F.K sep \K sep , P) is uniformizable with respect to (i, . . . , ( m . Then there 
is a finite Galois extension K'\K such that with the same ti, rji, fi as for (F.K sep \K sep , P), 
also (F.K'\K', P) is uniformizable with respect to Ci, • • • , Cm ■ 

Assertion a) follows directly from the definition since the condition "trdegF.L'|L' = 
trdegF|i^" guarantees that {t\, . . . ,t s } remains a transcendence basis of F.L'\L' . Note 
that in the case of trdegF.L'|L' < ti&eg F\K it remains valid if there is a transcendence 
basis T C Ox(ti,...,t 3 ) of F.L'\L' such that every ti is contained in 0#[T]. For the proof 
of assertion b), we just have to do the following. We collect the finitely many coefficients 
Ci, . . . , ce G L' of all polynomials /, G Oy\bi, . . . ,t s , Xi, . . . , X n ]. Further, we choose a 
finitely generated subextension L' \K of L'\K so large that F.L' Q — L' (tx, . . . , t s , rji, . . . , r] n ) 
holds. Then we set Lq := L' (ci, . . . , q). Part c) is a direct consequence of a) and b). 

Now we turn to the transitivity of relative uniformization. Take a finitely gener- 
ated extension F\K and a finitely generated subextension Fq\K. Further, take elements 
Ci, • • • , Cm £ Op and assume that (F\F , P) is uniformizable with respect to £i, . . . , ( m . 
So there are elements ti, . . . ,t§ G Op , algebraically independent over F (s > 0), ele- 
ments rji, . . . , fjn G Op , with Ci> • • • > Cm among them, and polynomials fi(Xx, . . . , X h ) G 
Op [ti, . . . , t§, Xi, . . . , Xn], 1 < i < n, such that 
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• F = F (t u . . . ,* 5 ,77i, • • .,77ft), 

• for i < j, Xj does not occur in fi , 

• /i(*7i, • • • , Vh) = for 1 < i < n, and 

• ( det J {h,..,k)^ ■ ■ ■ ,m))P ± 0. 

Now we collect the coefficients of all polynomials fi G Of [^i, • • • , tg, Xl, . . . , X^] and call 
them the uniformization coefficients of F, Ci,---,Cm in ^b- Then we extend P to 
F and take any elements Ci>--->Cm' ^ w hich include these uniformization coeffi- 
cients. Assume that JF is an algebraic extension of F (([, . . . , (' m ,) such that (F^K, P) 
is uniformizable with respect to ([,..., (' m , . So there are elements t§+i, ■ ■ ■ , t s G Op , 
algebraically independent over K (s > s), elements rji, . . . , r\ n i G Op , with the elements 
([,..., Cm' among them, and polynomials f i (X 1 , . . . , X n >) G K [ts+i, . . . ,t s ,Xi, . . . , X n >], 
1 < % < n', such that 

• = K(t s +i, • • • ,t s ,r)i, . . . ,rj n >), 

• for % < j, Xj does not occur in fi , 

• fi(r)i, . . . , T] n >) = for 1 < % < n', and 

• ( det J(fi,...,f n ,)(Vi, ■ ■ -,Vn'))P + 0. 

We observe that the elements ti,...,t s are algebraically independent over K. We set 
n := n' + n . Trivially, the polynomials fi , 1 < % < n', can be viewed as polynomials in 
Ox[ti, . . . , t s , Xi, . . . , X n ]. Note that by our choice of ([,..., (' m , , all (9i? -coefficients of 
the polynomials f\ G Op Q [t\, . . . , t§, Xi, . . . , Xft] appear as some rjj , with j G {1, . . . , n'}; 
we may assume that all rjj are distinct. For 1 < % < n, we obtain the polynomial 
fn'+i G Oxih, . . . ,t s ,Xi, . . . , X n ] from the polynomial /j as follows: 

i) for 1 < j < h, we replace Xj by X n / +J - , 

ii) if an (^-coefficient of /, is equal to rjj , 1 < j < n', then we replace it by Xj . 
Accordingly, we set r] n i +i := fji . Then (Ul) and (U2) hold. For 1 < % < n, we have that 

9 fn'+i ( N 9fi _ 

q x f (Vl, Vn) = QxKVl, ■ ■ ■ , Vn) ■ 

This shows that the diagonal elements of the lower triangular matrix J(/ 1 ,...,/ n )(?7i, . . . , r] n ) 
are precisely the diagonal elements of the lower triangular matrices J(f lt ...,f ^("Hi, ■ ■ ■ ,Vn') 
and J(f u ..J n )(m, •••M- Consequently, det J(/ 1 ,...,/„)(J7i, • • • , Vn)P ^ 0. That is, for 

F.Fo = K(t s+1 ,...,t a ,ri 1 ,...,r} n i,t 1 ,...,ts,fi 1 ,...,fii i ) 
= X(ti,...,^,77i,...,?7 n ) 

we have that {F.TqIK, P) is uniformizable with respect to Ci, • • • , Cm • We have proved: 

Lemma 4.2 Take a finitely generated extension F\K , a finitely generated subextension 
Fq\K, and £i, . . . , £ m G Op ■ Assume that 

1) (F\F , P) is uniformizable with respect to Ci, • • • , Cm , with uniformizing transcendence 
basis T\ , and 

2) there is a finite extension Tq\Fq such that (J-'q\K,P) is uniformizable with respect 
to the uniformization coefficients of F, Ci, . . . , Cm in Fo , with uniformizing transcendence 
basis T 2 . 



Then (F.J-q\K, P) is uniformizable with respect to (j, . . . ,(m , with uniformizing transcen- 
dence basis T\ U T 2 . 

Consequently, if(F\F ,P) and (F \K,P) are uniformizable, then so is (F\K,P). 

This lemma proves Theorem |1.2| . It is the basic form of transitivity, from which we will 
also derive the transitivity of the following two properties. Let (L\K,P) be an arbitrary 
extension of valued fields, and E any subfield of L. Then we will say that (L\K,P) 
has (relative) Galois-uniformization over E if E.K\K is a function field and for 
every choice of elements Cij • • • > Cm £ ®l there is a finite Galois extension £\E such that 
Ci> ■•■) Cm £ £-K an d (£.K\K, P) is uniformizable with respect to Ci, • • • , Cm (observe that 
£.K\K is a function field by the assumptions on E and £ \E). Note that this property 
implies that L\E.K is a separable-algebraic extension since otherwise, there is some ( G 
Ol which is not contained in S.K for any Galois extension £ of E. Similarly, we will 
say that (L\K,P) has (relative) normal-uniformization over E if for every choice of 
elements Ci> j Cm ^ ®l there is a finite Galois extension S\E and a purely inseparable 
subextension K\K of £.K\K such that d, . . . , ( m G £.-fy" and (£.iT|/C, P) is uniformizable 
with respect to Ci, • • • , Cm • This implies that L\E.K is algebraic. 

Lemma 4.3 Assume that (M\L,P) and (L\K,P) are extensions of valued fields. Take 
any subfield E of M such that E.K\K is a function field. If (M\L,P) has Galois- 
uniformization over E and (L\K,P) has Galois-uniformization over some common sub- 
field E Q of E and L, then (M\K,P) has Galois-uniformization over E. An analogous 
assertion holds for normal-uniformization over E. 

Proof: We only prove the first assertion; the proof of the second assertion is similar. Take 
Cij • • • j Cm ®M > an d choose a finite Galois extension £' of E such that Ci> • • • > Cm £ £'-L 
and that (£'.L\L, P) is uniformizable with respect to the £'s. 

By our assumption on (L\K,P), L is algebraic over Eq.K . Hence by part a) of 
Lemma 3~I, there is a finite subextension Lq\Eq.K of L\Eq.K such that {£' .Lq\Lq,P) is 



uniformizable with respect to the £'s. Take ([,..., C' m ' e ®l to include generators of L 
over E Q .K and the uniformization coefficients of £'.L , Ci 3 • • • > Cm i n -^o • 

By hypothesis, there is a finite Galois extension £ of E such that ([,..., (' m , G £q.K 
and (£o.-K"|.K", -P) is uniformizable with respect to , (' m , . Then £ := £'.£o is a finite 

Galois extension of E. By construction, we have that £q.K is a finite extension of Lq 
and that (£'.L ).(£ .K) = £.K . Hence by Lemma [4.2| , (£. .fTj.fr, P) is uniformizable with 
respect to Ci,---, Cm- D 



We leave it as an exercise to the reader to prove the following easy lemma: 

Lemma 4.4 Let E\K be a finitely generated field extension and P a trivial place on E. 
Then (E\K,P) has normal-uniformization over E. If in addition E\K is separable, then 
(E\K,P) is uniformizable and (E scp \K, P) has Galois-uniformization over E. 

5 Uniformizable valued field extensions 

In this section, we will present various finitely generated valued field extensions which are 
uniformizable. 
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5.1 Rational function fields with Abhyankar places 



The following lemma was proved (but not explicitly stated) by Zariski in [Zl] for subgroups 
of R, using the algorithm of Perron. We leave it as an easy exercise to the reader to prove 
the general case by induction on the rank of the ordered abelian group. However, an 
instant proof of the lemma can also be found in [EL] (Theorem 2.2). 

Lemma 5.1 Let T be a finitely generated ordered abelian group. Take any non-negative 
elements ai,...,a^ G T. Then there exist positive elements 71, ■ ■■, r y p G T such that 
T = Z71 © ... © Z^p and every a>i can be written as a sum J2j n ijlj non-negative 
integers . 



The foregoing lemma and Theorem 2.6 are the main ingredients in the proof of the 



next proposition. We consider a function field F\K and a place P of F such that v P K 
is a convex subgroup of v P F. The latter always holds if P is trivial on K since then, 
v P K = {0}. We take elements 0C ^ . • • • . X p 111 F such that form a maximal 

set of rationally independent elements in v P F modulo v P K. Further, we take elements 
yx, . . . , y T in F such that y%P, . . . , y T P form a transcendence basis of FP over K. 

Proposition 5.2 In the situation described above, [K(x\, . . . , x p , y%, . . . , y T )\K, P) is uni- 
formizable. More precisely, the transcendence basis T = {tx, . . . ,t s } can be chosen of the 
form {x[, . . . , x' p , yi, . . . , y T }, where x[, . . . , x' G Ok(x 1 ,...,x p ) and for some c G Ok (with 
c = 1 if P is trivial on K ), the elements ' generate the same multiplicative 

subgroup of K(xi, . . . If c G Ok such that vc' > vc, then c can be 

replaced by d . 



Proof: For the proof, we set F = K(x\, . . . ,x p , yi, . . . , y T ). By Theorem |2]6|, we know 
that 

v P F = ZvpXi © ... © ZvpX p © v P K . 

Thus, 

VpF/vpK 3 fii(v P xi + VpK) + . . . + n P (vpXp + VpK) i— > x^ 1 ■ . . .-xp 19 (/ii, . . . ,/i p G Z) 

is an isomorphism from v P F/v P K onto the multiplicative subgroup of F x generated by 
We denote this group by X. 

Now let (1, . . . , ( m G Of ■ Take ( to be any of these elements and write ( = f / g with 
polynomials /, g G K[x x , . . . , x p , y u . . . , y T \. Write 

d d' 1 I, , 

f = 2^°i x i ■ ■■■■ X P P -vi ■ ■■■■ Vr and g = l^ c i x i ■■■■ x p 'Vi ■ ■■■■yr 

as sums of monomials (in such a way that in either polynomial, two different monomials 
differ in at least one exponent). Then by Theorem |2.6| , the value of / is equal to the least 
of the values of its monomials, say, to the one of the first. Similarly for g. So we can write 

lui ~p~ X\ ■ . . . ■ x p ■ yi ■ . . . ■ y T 

t — 1 Q\ 



Eif x i x P p - -y x ■ . . . ■ y T 
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where the denominator has value and the summands appearing in it all have value > 0. 
Since ( G Op , also the numerator has value > 0, and the same must thus be true for all 
its summands. The only obstruction is that some of the x,'s may appear with negative 
exponents in some summands, and that, if P is non-trivial on K, some of the Ci/c[ or 
d i /d 1 may have negative value. 

We collect all summands of the form h = cx^ 1 • . . . • x^ p ■ y\ 1 • . . . • y" T which appear in 
the numerator or denominator of (§), and all products of the form £ = x^ 1 • . . . • x^ p G X 
which appear in these summands. We do the same for all elements Ci> • • • > Cm ■ I n this 
way, we obtain finitely many elements hi, ... , hk, all of them having non-negative value, 
and corresponding elements £i, • • • G X. We note that v P £j G v P hj + v P K, and as 
v P K is a convex subgroup of v P F and v P hj is non-negative, it follows that v P £j + v P K 
is non-negative in v P F/v P K, for the induced order. After adding some suitably chosen 
elements of the form Xi or x~[ (depending on whether v P Xi or v P x~ l is positive) to the 
£'s if necessary, we obtain elements £i, . . . , & which also generate X. At this point, we 
apply Lemma [TT] to the non-negative values v P £i + v P K, . . . , v P £i + v P K G v P F/v P K. 
Pulling the result back through the above isomorphism, we find generators x'[, . . . , x" of 
X for which the values v P x" + v P K in v P F/v P K are positive, and such that every of the 
£'s can be written as a (unique) product of the x" with non-negative exponents. 

Let a G v P K be the minimum of the values of the coefficients C\, . . . , c& appearing 
in the monomials hi, . . . , h\. . We take c G Ok such that v P c > — min{0, a}. If a > 0, 
which in particular is the case if P is trivial on K, then we can take c := 1. Now we 
set "■ . It follows that hi,...,hk G Ok[x[, . . . , x' p , yi, . . . , y T ]. Since the values 

v P x'j + v P K in v P F/ v P K were positive, all values v P x'j are positive. This remains true if 
c is replaced by any d G Ok such that v d > vc. 

As we can read off from (§), every Q can be written as Cj/C/> where CjjCj' li e i n 
Ok[x[, . . . ,x',yi, . . . ,y T ] , with fpCj' — 0. We set s = p + r, tj := for 1 < i < p and 
t p+i := ?/j for 1 < i < r. Next, we set n := m and put rjj := ^ and fj(Xi, . . . ,X n ) : = 
Cj'Xj — Cj > an d we are done. □ 



5.2 Immediate simple transcendental extensions 

Lemma 5.3 Let (K(z)\K, P) be an immediate transcendental extension. If (|6[) holds, 
then (K(z)\K, P) is uniformizable. 

Proof: Let (i,...,( m G Ok( z ) and write Q = fj{z)/gj(z) with polynomials fj(z), 
gj(z) G K[z\. We apply Lemma |2.11| to these finitely many polynomials and choose 



z = according to this lemma. Then by (^), for every j we can find ij, kj such that 
v pfj( z ) = v pfj tj \ a ) b %i = minj v P fj'\a) b % and v P gj(z) = v P gf 3 \a) b hj = mm.iV P gf(a) b\ 



Thus, we can write 



= fpju)h. fjjz) 
' ' gf\a)b*i .'/,(:) 

where fj, cjj are polynomials with coefficients in Ok and v P fj(z) = = v P gj(z). Note that 
also the first fraction is an element of Ok since its value is equal to v P Q and Q G Ok{ z ) 
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by assumption. Now we set ti := z, n := m, r/j := Q and 

f^ j \a)b ij 

fj(X x , . . . , X n ) := gjitx) Xj • fj(h) 

g, 3 (a) b k i 

for 1 < j < m, and we are done. □ 



5.3 Extensions within the completion 

Lemma 5.4 Every finite separable- algebraic extension of a valued field within its com- 
pletion is uniformizable. 

Proof: Take any separable-algebraic extension (L\K,P) such that (L,P) lies in the 
completion of (K,P). Further, take Ci> • • • > Cm £ ®l ■ Let ( be any of these elements. 
We extend v P to the algebraic closure of the completion. Since L\K is separable, we can 
write the minimal polynomial of ( in the form (X — ()(X — o~iQ . . . (X — o~k() where Oj 
are automorphisms in Aut (K sep | K ) and all o~j( are distinct from (. Since ( lies in the 
completion of (K, P), it follows that there is some a G K such that v P (( — a) > v P (aj( — a) 
for all j, and that v P (( — a) > 0. Since ( G , the latter implies that a G 0# . On the 
other hand, f P (C — a) G v p K(Q = v P K and K(()P = KP, so we can choose 6 G 0# 
such that fp( — 1) > 0. Thus, v P -^ = and v P aj-^ = v P a ^_ a > 0. Therefore, the 

reduction hP of the minimal polynomial h of over is the polynomial X k+1 — X k 

which has 1 = az^-P as a simple root. We set n := 3m. If £ was Q then we set 773^-2 := az^? 

/ 3i _ 2 := M^-2), 773,-1 := ^, /si-i := X 3i _ 2 X 3i _i-l, r/ 3j :=( = ^ + ae 0«r[^1, 
/ 3j - := X 3 j — bX 3 j^i — a, and we are done. □ 



We can drop the condition that the extension be algebraic: 

Proposition 5.5 Every finitely generated separable extension of a valued field within its 
completion is uniformizable. 

Proof: It suffices to prove the assertion for every finitely generated separable extension 
(L\K,P) within the completion of (K,P). As L\K is finitely generated and separable, 
we can choose a transcendence basis z%, . . . , z n such that L\K(zi, . . . , z n ) is separable- 
algebraic. By induction on the transcendence degree, using Lemma [2.10| , Lemma [5.3| 



and transitivity (Lemma f4.2|) , we find that (K(zi, . . . , z n )\K, P) is uniformizable. By the 
foregoing lemma, the same holds for (L\K(zi, . . . , z n ), P). Now our assertion follows by 
transitivity. □ 



5.4 Extensions within the henselization 

The henselization of a valued field (K, P) is always a separable-algebraic extension. If 
(K, P) has rank 1, then moreover, the henselization lies in the completion of (K, P) (since 
in this case the completion is henselian, cf. [R], [K2]). Therefore, Lemma |5]4] yields: 



on 



Corollary 5.6 Assume that (K,P) has rank 1. Then every finite extension of (K,v) 
within its henselization is uniformizable. 

We give a typical application: 

Corollary 5.7 If P is a rational Abhyankar place of rank 1 of a function field F\K , then 
(F\K,P) is uniformizable. 

Proof: By Theorem |3.1| , (F\K,P) is henselian generated and there are X\, . . . , Xp (z f 
as in the assertion of that theorem such that (F, P) C (K(x±, . . . , x p ), P) h . By the fore- 
going corollary it follows that {F\K(x\, . . . , x p ), P) is uniformizable. By Proposition f).2[ 
[K{x\, . . . , x p )\K, P) is uniformizable. Now our assertion follows by transitivity. □ 



To treat the case of a rank higher than 1, we use a well known lemma about composite 
places (cf. [R] or [K2]). 

Lemma 5.8 Suppose that the place P of K is composite: P = QQ . Then (K, P) is 
henselian if and only if (K, Q) and {KQ, Q) are. If {KQ, Q) is henselian, then the 
henselization of K with respect to P is equal to the henselization of K with respect to Q 
(as fields). 

If in this situation, Q has rank 1, the henselization of K with respect to Q lies in its 
completion with respect to Q. Since P = QQ, it follows from general valuation theory 
that the completion of K with respect to Q is equal to the completion of K with respect 
to P. So the henselization of K with respect to P lies in the completion of K with respect 
to P. Hence, we obtain the following corollary from Lemma |5.4| : 

Corollary 5.9 Assume that P is a place of K and P = QQ such that {K, Q) has rank 1 
and (KQ, Q) is henselian. Then every finite extension of {K, P) within its henselization 
is uniformizable. 



5.5 Immediate extensions 

Proposition 5.10 Take a separable- algebraically closed field K , a separable function field 
F\K of transcendence degree 1, and a place P on F of rank 1 such that (F\K,P) is an 
immediate extension. Then (F\K,P) is uniformizable. 

The assertion also holds if P = QQ such that (F, Q) has rank 1 and FQ = KQ. 



Proof: By Theorem 1.17| , (F\K, P) is henselian generated. That is, there is some z G F 



such that F C K(z) . Since K is separable-algebraically closed, Lemma [2.10| shows 
that condition (^|) holds. Therefore, Lemma |5"T3| shows that (K(z)\K, P) is uniformizable. 
By Corollary |5.6| , the same holds for (F\K(z), P). Hence by transitivity, (F\K,P) is 
uniformizable. 

If P = QQ such that (F, Q) has rank 1 and FQ = KQ, then we employ Corollary [O] 
in the place of Corollary |5.6| . This is possible since FQ = KQ implies that K(z)Q = KQ 
and thus, being equal to the residue field of a separable-algebraically closed field, K{z)Q 
is itself separable-algebraically closed and hence henselian under every valuation. □ 
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6 Galois- and normal-uniformization 



In this section, we will present valued field extensions which admit Galois-uniformization 
or normal-uniformization. 

6.1 Abhyankar places of rank 1 

Proposition 6.1 Take a function field E\K and a zero- dimensional Abhyankar place P 
of E\K of rank 1. Then (E\K,P) has normal-uniformization over E. If K is perfect, 
then (E sep \K, P) has Galois-uniformization over E. 

Proof: For given Cl> • • • ; Cm e Oe^p, we take F to be the normal hull of E(d, . . . , ( m ) 
over E; then F\E is a finite Galois extension. Since K is assumed to be perfect and 
EP\K to be algebraic, FP\K is a separable- algebraic extension. By Lemma |2.4| , for 
F' := F.K sep we have that F'P = (F?) sep = K sep . Thus, Corollary [57?| shows that 
(F'\K scp , P) is uniformizable. This proves that (E sep \K sep , P) has Galois-uniformization 
over E. 



On the other hand, P is trivial on K scp . Hence, Lemma iA tells us that (K sep \K } P) 
has Galois-uniformization over K. Now our assertion follows by transitivity. 

The proof for normal-uniformization is similar. □ 



Proposition 6.2 Take a function field E\K and a place P of E. Assume that P = QQ 
such that Q is a zero- dimensional Abhyankar place of E\K of rank 1. Then (E\K, P) has 
normal-uniformization over E. 

Proof: For given (j, . . . , ( m G E , we take F to be the normal hull of i£(Ci, • • • , Cm) over 
E. We set F' := F.K. As Q is zero-dimensional, we obtain that F'Q = K. Hence, Q is 
a rational Abhyankar place of F'\K. By Theorem JO, (F'\K,Q) is henselian generated: 
there 2 G E such that VqX®, . . . , VqX^ is a maximal set of rationally inde- 

pendent values in VqF', and (F',Q) is contained in the henselization of (F ,Q), where 
F := K(xf, . . . , xjjf). But F <5 = if by Theorem pT6| , and (if, Q) is henselian. Hence by 
Corollary |5.9| , (F'\Fq,P) is uniformizable. 



Since Q is trivial on K and since F'Q = K, we know that u P if = v^K = v-^(F'Q) is 
a convex subgroup of f P F', and that VqF' = v P F'/v P K. Consequently, our choice of the 
X} s yields that form a maximal set of rationally independent elements in 

v P F' modulo v P K. Hence by Proposition |5.2| , (F Q \K, P) is uniformizable. By transitivity, 
the same holds for (F'\K,P). This proves our assertion. □ 



Proposition 6.3 Take a function field E\K and an Abhyankar place P of E\K of rank 1. 
Then (E\K,P) has normal-uniformization over E. 

Proof: We choose yi, . . . , y T G E such that y\P, . . . , y T P is a transcendence basis of 
EP\K. We take K' to be the algebraic closure of K(yi, . . . , y T ). We extend P to E. Then 
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P induces an isomorphism on K' . Passing to an equivalent place if necessary, we can 
assume that EP = K' . Hence by Proposition |6.1| , (E\K',P) has normal-uniformization 
over E. By Lemma |4.4j , (K'\K,P) has normal-uniformization over K(yi, . . . ,y T ). Now 
our assertion follows by transitivity. □ 



6.2 Immediate extensions 

Proposition 6.4 Take a function field E\K and a place P on E of rank 1 such that 
VpE/vpK is a torsion group and EP\KP is algebraic. Then the immediate extension 
(E\K,P) has normal-uniformization over E, and if E\K is separable, then the immediate 
extension (E sep \K sep , P) has Galois-uniformization overE. 

These assertions also hold if P = QQ such that (E,Q) has rank 1, VqE/vqK is a 
torsion group and EQ\KQ is algebraic. 

Proof: We give the proof for Galois-uniformization. We proceed by induction on 
the transcendence degree. The case of transcendence degree 1 is covered by Proposi- 
tion |5.10| : For given d, . . . , ( m G Oe^p , we take F to be the normal hull of E(d, . . . , ( m ) 



over E, which is a finite Galois extension of E. Then we apply Proposition |5.10| to 
(F.K sep \K sep , P). We observe that since v P E/v P K is a torsion group and EP\KP is 
algebraic by hypothesis, Lemma [2.3| implies that the extension (E sep \K sep , P) and hence 
also its subextension (F.K sep \K sep , P) are immediate. For the case of P = QQ with Q 
non-trivial, it also implies that K sep Q = KQ and E sep Q = EQ. Hence, our assumption 
that EQ\KQ is algebraic implies that E scp Q = K sep Q. 

So let us now assume that trdeg.E|-K" = n > 1 and that our assertion is true for 
transcendence degree < n. We take a separating transcendence basis T of E\K. Then 
we pick a subset T C T such that tideg E\E$ = 1 for E := K(T ) C E. It follows that 
E.E^ P \E^ V is a separable function field of transcendence degree 1 and that Eq\K is a 
separable function field of transcendence degree n — 1. As (E \K, P) is a subextension of 
(E\K, P), VpE /v P K is a torsion group, E P\KP is algebraic, and (E , P) will have rank 
at most 1 if (E, P) has rank 1. But the fact that v P E/v P K is a torsion group implies that 
(K,P) has the same rank as (E,P). This shows that (E ,P) has rank 1 if (E,P) has 
rank 1. Similarly, if P = QQ with EQ = KQ and (E,Q) has rank 1, then E Q = KQ 
and (Eq, Q) will have rank at most 1. But the fact that v P E/v P K is a torsion group also 
implies that (K, Q) has the same rank as (E, Q). Hence in this case, (E , Q) has rank 1 
if (E, Q) has rank 1. We have shown that also (E \K, P) satisfies the assumptions of our 
proposition. As (E.EQ ep ) sep = E sep , our induction hypothesis yields that (E sep \EQ Gp , P) 
has Galois-uniformization over E and that (EQ ep \K sep , P) has Galois-uniformization over 
Eq . Hence by transitivity, (E sep \K sep , P) has Galois-uniformization over E. 

The proof for normal-uniformization is similar: instead of separable-algebraic closures 
we use algebraic closures. □ 



6.3 Places of rank 1 



0? 



Proposition 6.5 Take a function field E\K and a zero- dimensional place P of E\K of 
rank 1. If K is perfect, then (E sep \K, P) has Galois-uniformization over E. 



Proof: By Lemma |2.15|, we can choose a separating transcendence basis of E\K which 



contains elements x%, . . . ,x p G E such that v P xi, . . . , v P x p is a maximal set of rationally 
independent elements in v P E . We set E := K(x\, . . . ,x p ). Then E\E is separable. 
Further, v P E /v p Eq is a torsion group by Theorem |2.6| . By the same theorem, EqP = K. 
By assumption, EP is algebraic over K = EqP. Hence by Proposition |6.4| , the extension 
(E scp \Eq CP , P) has Galois-uniformization over E. By Proposition B7TI (i^Q Cp |i^, _P) has 
Galois-uniformization over E$ . Now our assertion follows by transitivity. □ 



6.4 Places of arbitrary rank 

Proposition 6.6 Take a function field E\K and a place P on E. Assume that P = QQ 
such that Q is a place of E\K of rank 1. Then (E\K,P) has normal-uniformization 
over E. 

Proof: We choose xf , . . . , x® G E such that VqX® , . . . , v Q x® is a maximal set of ratio- 
nally independent values in VqE. We set L := K(xf , . . . , x®) Q E. Then by Theorem |2.6|, 
LQ = KQ = K and VqE/vqL is a torsion group. Hence by Proposition |6.4|, (E\L, P) has 
normal-uniformization over E. 



By construction, (L\K,P) and Q satisfy the assumptions of Proposition ^2. This 
yields that (L\K,P) has normal-uniformization over L. Now our assertion follows by 
transitivity. □ 



Proposition 6.7 Take a function field E\K and a place P of E\K . Then (E\K,P) has 
normal-uniformization over E. 

Proof: Since the rank of (E,P) is finite (cf. Section |2~^ ), we can proceed by induction 
on this rank. Assume that P = QQ such that Q is a place of E\K of rank 1, with Q 
possibly trivial. We take yf, . . . , G E such that yfQ, . . . , yfQ is a transcendence basis 
of EQ\K. Then we set E x := K(y?, . . . , yf) C E and E' := E.E X C E. Since E'\E is 
algebraic, so is E'Q\EQ. On the other hand, EQ is algebraic over E\Q by construction, 
and therefore, EiQ = EiQ is equal to the algebraic closure of EQ. As E\Q C E'Q, this 
shows that E'Q = EiQ. Since Q is the identity on K and yfQ, . . . , yfQ are algebraically 
independent over K, it induces an isomorphism on E\ and hence also on E\ . Passing to 
an equivalent place if necessary, we can assume that Q is a place of E'\E\. 

Since E' = E, Proposition |6.6| now shows that (E\Ei,P) has normal-uniformization 
over E', and hence also over E. As the rank of (E\,P) is equal to the rank of (EQ,Q) 
and thus smaller than the rank of (E, P), our induction hypothesis (or Lemma |4.4j , if Q 
is trivial) yields that (Ei\K,P) has normal-uniformization over E\ . Now our assertion 
follows by transitivity. □ 
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7 Proof of the main theorems for rank 1 



Proof of Theorems |1.3| , |1.4] for rank 1, and of Theorem |1.14| 



Theorems |1.3| and |1.4j can be proved by a direct application of Proposition |6.7| . But we 
will use a different approach which at the same time proves Theorem |1.14| . 

Let F\K be a function field and E\K a subextension of the same transcendence degree; 
consequently, F\E is finite. Further, take a rank 1 place P of F\K and any elements 
Ci, • • • , Cm £ Op ■ After extending this list if necessary, we can assume that it includes 
generators of F\E. Finally, take E to be any Abhyankar field of (E\K, P). 

By Proposition |6.4| , (E\E ,P) has normal-uniformization over E. Therefore, there is 
a finite normal extension T' of E such that T' '.Eq contains the C's and (J 7 ' .Eq\Eq, P) is 
uniformizable with respect to the C's. By part b) of Lemma ^J], there is a finite extension 
£o|Po such that (JF'.£ |£ , P) is uniformizable with respect to the C's. 

We choose ([, . . . XL' e ®£q to consist of generators of £ over E Q and of the uni- 
formization coefficients of J-'.So, Ci, • • • , Cm hi S . By Proposition |6.3| , (E \K, P) has 
normal-uniformization over E Q . Hence there is a finite normal extension JF of E Q and a 
purely inseparable subextension K\K of T§\K such that ^-"o contains ([,..., (' m , (and hence 
also £o) and (J-o|/C, P) is uniformizable with respect to ([,... , (' m , , the uniformizing tran- 
scendence basis being a transcendence basis of Tq\K. We have that (J r '.£ ).J-' = T' ' .T§ . 

Now by Lemma [4.2| , (JF'.JF |/C, P) is uniformizable with respect to Ci> • • • , Cm > with 
uniformizing transcendence basis containing a transcendence basis of Tq\K. With p and 



t as defined preceding to Theorem |1.14j , the latter transcendence basis has p + r many 
elements, and they are algebraic over Eq . We set T := T' .Tq . As JF'|P is finite and 
normal and Tq\Eq is finite and normal, T\E is also finite and normal. By our additional 
assumption on the C' s > F C J 7 . Hence also JF|P is finite and normal. This proves 
Theorems and [L4] in the rank 1 case, and Theorem [1.14 . 



Proof of Theorem 1.5 



If K is not perfect, we will have to pass to its perfect hull to apply Propositions p75| . This 
perfect hull will be denoted by K 1 ^"" . 

For the proof of Theorem |1.5| , we assume in addition to the above assumptions that 
P is zero-dimensional and that F\E is separable- algebraic, i.e., F C P sep . We set E\ : = 
E.K l / paD ] then El ep = E^.K 1 ^. As P is still a zero- dimensional place of E^lK 1 /'^ , 
Proposition |6.5| shows that (E S i V \K l l pac , P) has Galois-uniformization over E\ . This gives 
us a finite Galois extension T" of E\ such that (^ r "|i^ 1//p0 °, P) is uniformizable with respect 
to the C's. Now we take T' to be the maximal separable subextension of T"\E. Then T'\E 
is a Galois extension and T" = T' .K x l pOC . Thus, (jF / .i^ 1 / p °° \K l l p °° , P) is uniformizable 
with respect to the C's, and by part b) of Lemma |4.1| , there is a finite subextension 
K\K of K^-^^lK such that (JF'./C|/C, P) is uniformizable with respect to the C's. We set 
T := JF'./C. As T'\E is a Galois extension, so is JF|P./C. By our additional assumption 



on the C's, F C T . Hence also JF|P./C is a Galois extension. This proves Theorem |1.5| . □ 
• Proof of Theorem [1.6| 

Let F be as in the hypothesis of Theorem |1.3| , with P of rank 1. We set Pi := F.K x l pX . 
By Lemma |2.15|, we can choose a separating transcendence basis of Fi\K l l p °° which con- 



tains elements x\, . . . ,x p such that v P xi, . . . , v P x p is a maximal set of rationally indepen- 
dent elements in v P F\ , and yi, . . . ,y T such that yiP, . . . , y T P is a transcendence basis of 
F^KVp™. We set F := P 1 /^^, . . . , x p , y x , . . . , y T ) C F x . Then Pi|P is separable, 
v P Fi/v P F is a torsion group and PiP|PoP is algebraic. Hence by Proposition |6\4| , the 
extension (Pi Sep |Po ep , P) has Galois-uniformization over Pi. That is, there is a finite Galois 
extension P2IP1 such that (p2.Po ep |Po ep , P) is uniformizable with respect to the £'s. By 
part c) of Lemma |4~T| there is a finite Galois extension Pg of F such that (P 2 .Po|Po, P) is 
uniformizable with respect to (1, . . . , ( m . Then P' := P 2 .Pq is a finite Galois extension of 
Pi . By construction, P is an Abhyankar place on Po and Pg . 

Now we choose y[, . . . , y' r G F' such that y[P, . . . , y^P is a separating transcendence 
basis of PqP|P 1//p °° . We take P' to be the separable-algebraic closure of P 1 ^ 00 (y[, . . . , y' T ). 
Then by Lemma the place P of Fq.K'\K' is rational. Hence by Corollary |5.7| , 



(Pq.P'|P',P) is uniformizable. It follows by part a) of Lemma ^J] and transitivity that 
(F'.K'\K', P) is uniformizable with respect to the £'s. Hence by part c) of Lemma JO 
and transitivity, there is a finite Galois extension K" of K 1 ^ 00 (y[, . . . , y' T ) such that 
(P' .K"\K" , P) is uniformizable with respect to the £'s. Further, P is trivial on K 
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Hence by Lemma O, (P^P 1 ^", P) is uniformizable. By transitivity, (P'-P^P 1 ^", P) 



is uniformizable with respect to the C's. Observe that P'.P"|P' is a finite Galois extension. 

We denote by T' the maximal separable subextension of P in P', and by P" the 
maximal separable subextension of T' in F'.K". Then P'|P and T"\T' are Galois exten- 
sions, and we have that F'.K" = P".P 1//p °°. By part b) of Lemma |4.1| there is a finite 
purely inseparable extension K, of K such that (P"./C|/C, P) is uniformizable with respect 
to Ci, • • • , Cm • As P := T" X, is a Galois extension of the Galois extension P'./C of F.JC, 
this proves our theorem. □ 

Remark: If we could choose y[, . . . , y' T in Pi, then F'.K"\F would be a Galois extension. 
But the algebraic extension PqP|PoP may well be inseparable. 

• Proof of Theorem p..7| 

Assume that P is an Abhyankar place of P|P and that (P, P) has rank 1. Let us first 
note that part c) of Theorem |L7| follows directly from Corollary |5.7| . For the remaining 
cases, we proceed as follows. 

We set Pi := K if PP|P is separable, and Pi := P 1 ^ 00 otherwise. Then we set 
Pi := PPi . It follows that PiP|Pi is separable. We choose yx,...,y T G Pi such that 
yiP, . . . ,y T P is a separating transcendence basis of PiP|Pi. Then we take K' to be the 
separable-algebraic closure of Pi (2/1, . . . , y T ) and set F' := F.K' = F\.K' . Since P is trivial 
on P, it is trivial on P x and Theorem yields that it is also trivial on Pi(yi, . . . , y T ) and 
thus on K' . By Lemma [2.4| , F'P = K' . Therefore, Corollary |5]^ shows that (P'|P', P) is 
uniformizable. Hence by part c) of Lemma |4.1|, for given Ci> • • • > Cm ^ ®f there is a finite 
Galois extension T' of Pi(yi, . . . , y T ) such that (PP'|P', P) is uniformizable with respect 
to the C's. 



Since P is trivial on T' and T'\K\ is separable, Lemma |4.4| shows that (P'|Pi, P) is 
uniformizable. By transitivity, (PP'|Pi,P) is uniformizable with respect to the £'s. 

If PP|P is separable and hence Pi = P by definition, then K\ (yx, . . . ,y T ) C P and 
thus, T := F.J 7 ' is a finite Galois extension of P. This proves part a) of our theorem. 

For the remaining cases, we proceed as follows. Since PPi is a purely inseparable 
extension of P, there is some v G N such that Pq := K(y{ , . . . , y p ") C P. The extension 
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T'\Fq is algebraic. Its maximal separable subextension J-"\Fq is a finite Galois extension, 
and F.J 7 ' = F.T".K\. Hence, {F.J 7 " .K\\K\,P) is uniformizable with respect to the 
C's. By part b) of Lemma |4.1| , there is a finite subextension K,\K of Ki\K such that 
(F.J 7 " X|/C, P) is uniformizable with respect to the £'s. Further, J 7 := F.J 7 " .JC is a finite 
Galois extension of F.JC. This proves the general assertion of the theorem. If in addition 
P is zero-dimensional, then there are no y's and we can take Fq = K. In this case, J 7 " is 
a finite Galois extension of K, which proves part b) of the theorem. □ 



Proof of Theorem 178 



Assume that P is a rational discrete place of F\K. We write v P F = Z. We choose a 
set of generators of F over K such that each of these generators has v P - value 1. By 
Lemma |2], F\K is separable and thus, we can choose a separating transcendence basis 
ti, . . . , t s for F\K from these generators (cf. [L], Ch. X, §6, Prop. 5). Then (F\K(ti), P) is 
immediate. Since v P F = Z, this implies that (F,P) lies in the completion of {K(t\),P). 
Hence by Proposition |5.5| , the separable extension (F\K(ti), P) is uniformizable. By 
Proposition |5.2| , also (K(tx)\K, P) is uniformizable. Hence by transitivity, (F\K,P) is 
uniformizable. This proves Theorem |1.8|. □ 



8 Proof of the main theorems for arbitrary rank 

• Proof of Theorems |1.3| and \1A\ for arbitrary rank 

The proof is a direct application of Proposition p]7 . 

• Proof of Theorem [1.11] 

Assume that P is an Abhyankar place of rank r > 1 of the function field F\K. Since the 
rank of (F\K, P) is finite (cf. Section |2.2| ), we can proceed by induction on the rank. We 
take a maximal proper convex subgroup H oiv P K. Then v P K/H is archimedean ordered. 
We write P = QQ, where Q is a place of F\K of rank 1 with value group v P K/H, and Q is 
a place on FQ with value group H. By Lemma |2l^, Q and Q are Abhyankar places. Hence 
by Corollary |2/7|, v P K and H are finitely generated. Now we choose xi, . . . , x k such that 
v P K/H = Tj{v p Xi+H)@. ■ .®Ij(v P Xk+H), and Xk+i, ■ ■ ■ , x p such that H = Zv P Xk+i®. ■ .© 
Z*v P x p . Then v P K = Zv P XiQ). ■ .®7Lv P x p . So if we choose the y's as in Theorem |3?T| , then 
we obtain that F C K(xi, . . . , x p , yi, . . . , y T ) h . We set K' := K(xk+i, ■ ■ ■ , x p , y±, . . . , y T ) sep . 
Then it follows that F' := F.K' C K(x u . . . , x p , y x , . . . , y T ) h .K' = K'(x h . . . , x k ) h . (Here, 
the last equality is seen as follows: K'(xi, . . . , Xk) h contains K', K(x%, . . . ,x p ,yi, . . . , y T ) 
and, by the universal property of henselizations, also its henselization; hence, "C" holds. 
The converse follows from the universal property since the left hand side is henselian, 
being an algebraic extension of a henselian field.) 

We can extend Q to K'(x\, . . . , Xk) h in such a way that it remains the identity on K' . 



By Lemma 2.6 



K'( Xl ,...,x k )Q = K' , 

As K' is separable-algebraically closed, (K', Q) is henselian. Therefore, we can deduce 
from Lemma |5.8| and the fact that the henselization is an immediate extension that 
K'( Xl ,...,x k ) h Q = K'. Since K' C F' C K'(x h . . . , x k ) h , it follows that F'Q = K' . 
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Hence by Corollary |5.9| , (F'\K'(xi, . . . , x^), P) is uniformizable. By Proposition |5.2| , the 
same holds for (K'(xi, . . . , x^)\K' , P). By transitivity, (F'\K f , P) is uniformizable. 

Pick Ci)---)Cm ^ Op. By what we have proved, (F'\K',P) is uniformizable with 
respect to Ci> Cm • By part c) of Lemma [4.1| , there is a finite Galois extension JC' of 
i^(xfc+i, . . . ,x p , yx, . . . , y T ) such that (F.JC'\JC', P) is uniformizable with respect to the £'s. 
We take ([,..., (' m , <G Oac to be the uniformization coefficients of F.JC', Ci> • • • , Cm i n 
Since P coincides with Q on JC' , we know that P is an Abhyankar place of KJ\K of rank 
r — 1. Now we have to distinguish two cases. 

Suppose first that (JC , P) has rank > 1. Then by induction hypothesis, there is some 
JC" obtained by at most r — 2 (resp. r — 1) Galois extensions from JC', such that (JC"\K, P) 
is uniformizable with respect to ([,... , (' m , . We set T := F.JC" = F.JC'.JC". Then by part 
a) of Lemma [O and the transitivity, (J-\K,P) is uniformizable with respect to the C's. 



Further, T is obtained from F by at most r — 1 (resp. r) Galois extensions, as required. 



Now suppose that (JC',P) has rank 1, i.e., r = 2. By Theorem [O] there is a finite 
Galois extension JC" of KJ such that (JC"\K, P) is uniformizable with respect to C{, . . . , (' m , . 
As before, we set JF := F.JC" and it follows that {T\K, P) is uniformizable with respect 
to the C's. Now JF is obtained from F by two Galois extensions, as required. 

If in addition P is zero-dimensional, then we know from Theorem |1.7| that there is 
a finite Galois extension K' of K such that we can take JC" = JC'.K'. In this case, 
T = F.JC" = F.JC' .K' is a Galois extension of F . That is, T is obtained from F by one 
Galois extension. 



Proof of Theorem 1.12 



Take function fields F\K and F'\K and a place P of F'\K such that (F',P) lies in the 
completion of (F,P). Then by Proposition |5.5| , (F'\F,P) is uniformizable. Hence, the 
assertion of Theorem |1.12j follows from the corresponding assertions of Theorem |1.7| and 
Theorem |1.11| by use of part a) of Lemma [4.1| and transitivity. 
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